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A REMARK ON THE GAUGE ACTION AND
NONCOMMUTATIVE SOLITONS
HYUN HO LEE
Abstract. We extend a result about the gauge action on noncommutative solitons
by showing that a family of functions can be gauged away to a Gaussian using the
quantification condition given in [14].
0. Introduction
The simplest model of noncommutative non-linear σ-model, introduced in [4, 5],
showed interesting properties when taken together with a noncommutative source
space and the target space made of two points. A natural action functional leads to
self-duality equations for projections in the source algebra with a nontrivial topolog-
ical content (topological charge). The used methods to solve self-duality equations
depend on a geometric representation of the source algebra into a Hilbert bundle or
Morita equivalence bimodule which enables us to transfer a self-duality equation into
a linear equation of vectors in the bimodule when the complex structure on the source
space can be lifted to a holomorphic structure for a Hilbert bundle over the source
space. By exploiting the bimodule structure, we consider Rieffel-type projections
coming from standard module frame ξ’s on the module. The vectors in the module
both inducing Rieffel-type projections and satisfying a (anti) self-duality equation are
called noncommutative instantons or solitons by G. Landi.
Using the idea of a natural transformation on the bundle a gauge action on non-
commutative solitons is defined by the right multiplication of invertible elements g of
a dual action algebra. This gauge action is well behaved with Rieffel-type projections
so that the vector ξ · g generates a Rieffel-type projection again, and satisfy a (anti)
self-duality equation whenever ξ does. An important class of ξ’s, that are Gaussians,
is already known to be solutions for the connection equation with a constant param-
eter and the condition when two Gaussians to be gauged each other is characterized
in [4, 5]. However, for the generic case it is not true that any solution vector ξ could
be gauged away to a Gaussian since there is an obstruction in the form of ∂-equation
(see Corollary 2.3). New classes of noncommutative solitons, namely Gabor frames
were discovered recently in [6] for nonconstant parameters and provided different test-
cases to investigate the gauge equivalence. In this direction, the author obtained a
quantification to answer when a Gabor frame is gauged away to a Gaussian in [14]
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and showed a concrete computation of such a quantity for a specific function or vec-
tor. In this short note, we claim that the microscopic computation carried out for a
specific function can be observed even for a closed subspace of L2(R) which is indeed
a subspace of Gabor frames invariant under the Fourier transform.
In §1 we review the noncommutative sigma model of maps from a noncommutative
torus to the space of two points and recall the construction of the bimodule which
comes from the Schro¨dinger representation on a lattice for an irrational θ and the
universality of the noncommutative torus. Then we recall some results from [14]
which translate a self-duality equation for a Rieffel-type projection to an eigenvalue
equation of a holomorphic connection with a nonconstant parameter for a Gabor
frame. In §2 we prove our main result after recalling the quantity which is the trace
of a generalized eigenvalue for a eigenvector to answer the gauge equivalence problem.
1. Summary of σ-model solitons over noncommutative tori
Let Aθ be a ∗-algebra consisting of power series of the form
a =
∑
(m,n)∈Z2
amnU
m
1 U
n
2
with amn a complex-valued Schwarz function on Z
2, or decreasing rapidly. Two
unitaries U1, U2 have a commutation relation
(1) U2U1 = e
2piiθU1U2.
For θ irrational, there is a unique faithful trace Tr on A given by
Tr(
∑
m,n
amnU
m
1 U
n
2 ) = a00.
One can equip Aθ with a norm ‖a‖ = sup(m,n)∈Z2 |amn| <∞ and the closure of Aθ
with respect to this norm is the universal C∗-algebra Aθ generated by two unitaries
satisfying the relation (1): Aθ is dense in Aθ and is a pre-C∗-algebra. Also, it is
well-known that Aθ is the smooth subalgebra of Aθ, and closed under the holomor-
phic functional calculus [1]. Throughout the article, we are interested in the case θ
irrational and call both Aθ and Aθ noncommutative torus without confusion.
Via the even (2,∞)-summable spectral triple (Aθ, H,D) for the noncommutative
torus Aθ [13,14], we can define the action functional for morphisms(field maps) from
Aθ to a two-point space B. When the target space is a two-point space, then B is
just two dimensional complex vector space C2. Since a morphism φ : C2 → Aθ is
determined by the image of e the characteristic function on a point, we denote it by
a projection p ∈ Aθ. Taking a positive metric form G = dede ∈ Ω2(B) the action
functional can be written as
(2) S(p) = Tr(∂p∂p),
where ∂ or ∂ are the derivations coming from the complex structure on noncommu-
tative torus(see Section 2). It is known from [4, 5] or [13] that the Euler-Lagrange
equation for this functional is
(3) p(∆p)− (∆p)p = 0
where ∆ is the Laplacian.
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At this point it is unclear whether there are smooth projections p in Aθ. Thus
it was a remarkable discovery of M. Rieffel to construct a projection in Aθ [19], so
that a morphism φ : C2 → Aθ is well-defined. In fact, there is a systematic way to
construct projections in a ∗-algebra A with a left action module Ξ and the dual action
algebra B, in other words there is a ∗-algebra B that is strongly Morita equivalent
to A via the bimodule Ξ. If we denote the A(B)-valued hermitian inner product
by A〈 , 〉(〈 , 〉B), then A〈ξ, ξ〉 is a projection in A provided that 〈ξ, ξ〉B = 1B. More
generally, if we have ξ1, ξ2, . . . , ξn in Ξ, then the matrix, whose i, j entry is A〈ξi, ξj〉, is
a projection inMn(A) provided that
∑n
k=1〈ξk, ξk〉B = 1B. We call the set {ξ1, . . . , ξn}
a module frame for Ξ. More precisely, it is called a (Parseval) standard module frame
{ξ1, . . . , ξn} for Ξ [9]. In general, a standard module frame for Ξ is a set {ξ1, . . . , ξn}
such that
(4) c1A〈ξ, ξ〉 ≤
∑
i
A〈ξ, ξi〉A〈ξi, ξ〉 ≤ c2A〈ξ, ξ〉, for all ξ ∈ Ξ,
for positive constants c1 and c2.
Proposition 1.1. [14, Proposition 2.1] Let η be an element such that 〈η, η〉B is
invertible in B. Then {η} is a standard module frame and A〈η˜, η˜〉 are projections in
A where η˜ = η〈η, η〉−1/2B .
The first example of Rieffel-type projections in Aθ was found by M. Rieffel using a
compactly supported smooth function as η [19], but later F. Boca discovered another
one using η, a Gaussian (A hard computation involving a quantum theta function
was needed to show that {η} is a standard frame)[2]. Recently, F. Luef noticed
that a fundamental duality principle in Gabor analysis is linked to the invertibility of
〈η, η〉B in the case of noncommutative torus and found a large class of standard module
frames which include previous examples of Rieffel and Boca [15]. The link is to realize
a Morita equivalence bimodule of Aθ with its dual A−θ−1 another noncommutative
torus using the Weyl-Heisenberg representation or the Schro¨dinger representation on
a lattice [15],[16]; Let π : (x, ω) ∈ R2 → B(L2(R)) be a (projective) representation
defined by
(π(x, ω)ξ)(t) = e2piitωξ(t− x).
It follows that
π(z)π(z′) = e−2piix·ηπ(z + z′) for z = (x, ω), z′ = (y, η).
We can easily check c : R × R → T defined by c(z, z′) = e−2piixη for z = (x, ω),
z′ = (y, η) is a 2-cocycle.
Let Λ be a lattice of R2 (for our purpose, we may assume that Λ is of the form
θZ× Z). Then G(g,Λ) = {π(λ)g | λ ∈ Λ} in L2(R) is said to be a Gabor system. A
Gabor system is called a Gabor frame for L2(R) if there exist α, β > 0 such that
(5) α‖f‖22 ≤
∑
λ∈Λ
|〈f, π(λ)g〉|2 ≤ β‖f‖22.
In this case, g is called a Gabor atom or window in time-frequency analysis, but we
call it a Gabor frame abusing notation since g will give rise to a module frame in our
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setting.
Recall that l1(Λ, c) is a l1(Λ) with a twisted convolution of a and b defined by
a♮b(λ) =
∑
µ∈Λ
a(µ)b(λ− µ)c(µ, λ− µ),
and involution a∗ = (a∗(λ)) of a is given by
a∗(λ) = c(λ, λ)a(−λ) for λ ∈ Λ.
Then C∗(Λ, c) is the completion of l1(Λ, c) under π. More precisely, C∗(Λ, c) is the
completion of the involutive representation of a’s,
π(a) =
∑
λ∈Λ
a(λ)π(λ) for a = (a(λ))λ∈Λ
with the product
π(a)π(b) = π(a♮b),
and the involution
π(a)∗ = π(a∗).
Weighted analogues of the twisted group algebra are needed to obtain A in terms
of Gabor analysis ; for s ≥ 0 let l1s(Λ) be the space of all sequences a with ‖a‖s =∑
λ∈Λ |a(λ)|(1 + |λ|2)s/2. We consider (l1s(Λ), ♮,) and the involutive representation of
it, so
A1s(Λ, c) = {T ∈ B(L2(R)) | T =
∑
λ∈Λ
a(λ)π(λ), ‖a‖s <∞}
is an involutive algebra with respect to the norm ‖T‖ =
∑
λ∈Λ
|a(λ)|(1 + |λ|2)s/2. It
turns out that A∞(Λ, c) = ⋂s≥0A1s(Λ, c) is equal to the smooth noncommutative
torus A.
A dual lattice to Λ is defined by
Λ◦ = {z ∈ R2 | π(λ)π(z) = π(z)π(λ) for all λ ∈ Λ}.
Then we have C∗(Λ◦, c¯),A1s(Λ◦, c¯),A∞(Λ◦, c¯) similarly. LetM1s (R) be the modulation
space in time-frequency analysis. More explicitly,
M1s (R) = {f ∈ L2(R) | ‖f‖M1s :=
∫
R
|Vφf(x, ω)|(1 + |x|2 + |ω|2)s/2dxdω <∞}
where Vφf is the short-time Fourier transform of a function f with respect to the
window φ, which is defined by 〈f, π(x, ω)φ〉L2(R). We can characterize the Schwartz
space in terms of modulation spaces:
S (R) =
⋂
s≥0
M1s (R).
Theorem 1.2. [15, Theorem 2.3] For any s ≥ 0M1s (R) is an equivalence bimodule be-
tween A1s(Λ, c) and A1s(Λ◦, c¯) and S (R) is an equivalence bimodule between A∞(Λ, c)
and A∞(Λ◦, c¯).
In view of Proposition 1.1, the problem of finding a Rieffel-type projection in Aθ
is linked to Gabor analysis as follows.
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Theorem 1.3. [14, Theorem 3.2] Suppose g ∈ S (R). Then G(g,Λ) is a Gabor frame
if and only if 〈g, g〉B is invertible.
As we have seen so far, the Gabor frame gives rise to a smooth projection in Aθ.
But, more surprisingly, Gabor frames are minimizing solutions for the Euler-Lagrange
equation (3). To explain this important result due to Dabrowski, Landi, Luef [6], we
note that the following inequality which comes from the positivity of a Hochschild
cocycle representing the conformal structure
S(p) ≥ ±4πQ(p)
where Q(p) be the topological charge or the first Chern number defined by
1
2πi
Tr(p[∂1p∂2p− ∂2p∂1p]).
The equality happens if and only if the self-duality equation
(6) ∂(p)p = 0
holds or the anti self-duality equation
(7) ∂(p)p = 0
holds.
Note that we can obtain minimizing field maps by solving the (anti) self-duality
equation (6), but it is still hard to solve since the multiplication of power series of U ,
V is complicated though the order of the equation is reduced comparing to (3). A
breakthrough due to Dabrowski, Landi, Krajewski is to lift the self-duality equation
to a linear equation involving the anti-holomorphic connection on the module. This
can be done since we can lift derivations ∂1, ∂2 to covariant derivatives ∇1,∇2 on Ξ
given by
(∇1ξ)(t) = 2πit
θ
ξ(t) and (∇2ξ)(t) = d
dt
ξ(t).
Then as proved in [3] we have the (right) Leibnitz rule for both covariant derivatives
(8) ∇ν(ξ · b) = (∇νξ) · b+ ξ · (∂νb) for ν = 1, 2,
and compatibility with the hermitian structure
(9) ∂ν(〈ξ1, ξ2〉B) = 〈∇νξ1, ξ2〉B + 〈ξ1,∇νξ2〉B for ν = 1, 2.
Upon allowing the holomorphic structure given by ∂ = ∂1 + i∂2 and ∂ = ∂1 − i∂2 on
the configuration space, we have the anti-holomorphic connection ∇ = ∇1+ i∇2 and
the holomorphic one ∇ = ∇1− i∇2 on the bundle Ξ. Then (8) and (9) hold for ∇(∇)
and ∂(∂) respectively.
Now the following theorem and corollary show that we can construct a Rieffel-type
projection by solving the eigenvalue equation of the operator ∇ about the vector η
in the Schwartz space.
Theorem 1.4. [14, Theorem4.5] Suppose that 〈η, η〉B is invertible. Then let η˜ =
η〈η, η〉−1/2B and pη˜ =A 〈η˜, η˜〉. Then
(∂pη˜)pη˜ = 0 if and only if ∇η = η · b for some b ∈ B.
Furthermore, b must be 〈η, η〉−1B 〈η,∇η〉B.
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Corollary 1.5. [6, Proposition 6.3] Let η be a Gabor frame in Ξ. Then pη˜ is a
solution of the self duality equation.
The concrete examples of Gabor frames are already known and we introduce some
of them in the next section.
2. A gauge action on noncommutative solitons
Let GL(B) be the set of invertible elements in B the dual action algebra of Aθ.
An action of GL(B) on noncommutative solitons was introduced in [4] by the right
multiplication; for U ∈ GL(B)
ξ → ξ · U = ξU .
Indeed, if ξ satisfies the self-duality equation (6), or ∇(ξ) = ξ · b for some b ∈ B, then
by the Leibniz rule for the connection, one finds that ξU is the solution of an equation
of the form ∇ξU = ξU · bU where
(10) bU = U
−1bU + U−1∂U.
Note that this action preserves the invertibility of 〈ξ, ξ〉B, thus preserves Gabor
frames. Moreover, it is not difficult to check that the Rieffel-type projections are
invariant under the action (see [12, p. 232]).
When λ is a scalar, it is already known that ∇η = η · λ has the solutions, the
Gaussian functions Ce−
pi
θ
t2−iλt. Moreover, it is analyzed when two Gaussian solitons
are gauge to each other [4, 5].
Proposition 2.1. Let ξ be a solution of equation with λ ∈ C; and let U ∈ GL(B).
Then the transformed λU will be again constant if and only if there exists a pair of
integers (m,n) such that
U = CmnU
m
1 U
n
2 .
Furthermore,
λU − λ = πi(m+ ni).
In [4, 5] Dabrowski, Krajewski, and Landi ask if it is possible to gauge a Gaussian
soliton to any solution of the self duality equation. In view of Theorem 1.4, this
question is equivalent to ask whether given λ ∈ C for any b ∈ B there is an element
U ∈ GL(B) such that b = λ + U−1∂U . Consequently, this question is equivalent to
ask whether we can solve inhomogeneous Cauchy-Riemann equation of the form
(11) ∂U = U(b− λ).
Based on the following Polishchuk’s observation, this is reduced to compute the
trace of b(see Corollary 2.3).
Theorem 2.2. [18, Theorem 3.6], [20, Theorem 6.2] Let τ be the unique trace of the
noncommutative torus B. Then for b ∈ B, U−1∂U = b has a nontrivial solution if
and only if τ(b) ∈ πi(Z+ iZ).
Proof. This follows from (1) of [18, Theorem 3.6]. Because of a slightly different
notation for ∂ up to the factor 2, the range of τ(U−1∂U) is changed to πi(Z+ iZ). 
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Corollary 2.3. Let η(∈ Ξ) be a solution of ∇η = η · b for some b ∈ B. Then there is
a Gaussian ξ and U ∈ GL(B) such that η = ξ ·U if and only if λ− τ(b) ∈ πi(Z+ iZ)
where ∇ξ = ξ · λ for λ ∈ C.
In view of Theorem 2.2, it is important to compute the trace of the coefficient b
associated with ∇η = η · b.
Theorem 2.4. [14, Theorem 4.11] Let η be a Gabor frame for Gabor system G(η,Λ)
and satisfy ∇η = η · b for some b ∈ B. Then τ(b) = 〈∇η, η〉L2(R) where 〈·, ·〉L2(R) is
the inner product on the Hilbert space L2(R).
Now we show that for a special class of Gabor frames η it is easy to compute
〈∇η, η〉L2(R).
We denote the Fourier transform on Ξ by F , more precisely for f ∈ Ξ
F(f)(ω) =
∫ ∞
−∞
f(x)e−2piiωxdx
It is well-known that F is a unitary transformation on the Hilbert space L2(R).
Lemma 2.5. Let η be in Ξ such that F(η) = η. Then η is an even function.
Proof. The Fourier inversion theorem implies that F2(η)(ω) = η(−ω). Thus if F(η) =
η, then η(ω) = η(−ω). 
Theorem 2.6. Let η be a Gabor frame in Ξ such that F(η) = η. Then τ(b) = 0
where ∇η = η ·b, so that the Gaussians ξ associated with ∇ξ = ξ ·λ for λ ∈ πi(Z+ iZ)
are gauged to η. Moreover, if the invertible W such that η = ξ ·W cannot be of the
form UmV n (modulo T ) where U and V are generators of B if η is not a Gaussian
frame.
Proof. Since η is a Gabor frame in Ξ, then it satisfies ∇η = η · b for some b. For
η ∈ Ξ such that F(η) = η, note that ∇1 = F ◦ ∇2 up to a constant 1
θ
. Moreover,
〈∇1η, η〉L2(R) = 〈∇2η, η〉L2(R) up to a constant 1
θ
.
Therefore
〈∇η, η〉L2(R) = 〈(F ◦ ∇2)(η) + i∇2η, η〉L2(R)
= 〈F ◦ ∇2)(η),F(η)〉L2(R) + i〈∇2η, η〉L2(R)
= 〈∇2η, η〉L2(R) + i〈∇2η, η〉L2(R)
= 〈∇1η, η〉L2(R) + i〈∇1η, η〉L2(R).
Since η is an even function by Lemma 2.5 and
〈∇1η, η〉L2(R) = 2πi
θ
∫ ∞
−∞
tη(t)dt = 0
Thus τ(b) = 0. Moreover, if η = ξ ·W , then τ(b) = λ+ τ(W−1∂W ) by (10). Thus we
must have λ = −τ(W−1∂W ) ∈ πi(Z+ iZ). The last statement follows from the fact
that two Gaussians are gauge equivalent if and only if one is gauged to the other via
UmV n(for some m,n) only up to constants [4]. 
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Explicit examples of Gabor frames are as follows; the Hermite functions ψk defined
as ψk(t) = cke
pit2 d
k
dtk
e2pit
2
, for ck an irrelevant constant, are Gabor frames whenever
0 < θ < (k + 1)−1 [10]. On the other hand, recall that a function η is totally positive
if for every two sets of increasing real numbers x1 < · · · < xN and y1 < · · · < yN
the determinant of the matrix ((xj − yk))1l≤j,k≤N is non-negative. A totally positive
function η is of finite type M(∈ N) with M ≥ 2, if its Laplace transform η has the
form:
η̂(ω) = eδω
2
eδ0ω
M∏
j=1
(1 + 2πiδjω)
−1
for real non-zero parameters δj, δ > 0. The Gaussian is totally positive, beside it, an
example of such a function is the function (t) = cosh(t)−1. Again in the context of
signal analysis, it was shown in [11] that any totally positive function of finite type
(greater than 2) η is a Gabor frame if and only if 0 < θ < 1.
Corollary 2.7. Let η be the Hermite functions of the form e−pix
2
Hn(
√
2πx) for n =
4, 8, 12 . . . . for 0 < θ < 1/(n + 1) where Hn(x) is the Hermite polynomial, or e
−pix2,
1/ cosh(πx) for 0 < θ < 1. Then η are gauged away to the Gaussians ξ associated
with ∇ξ = ξλ for πi(Z+ iZ), thus they are gauge equivalent.
Proof. All η are invariant under the Fourier transform F and Gabor frames. Then
both Corollary 1.5 and Theorem 2.6 imply the claim. 
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